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Abstract 



> 

^ , By using the thermo entangled state representation we solve the master equation for a 

r—{ • dissipative cavity with Kerr medium to obtain density operators' infinite operator-sum repre- 

sentation p (t) = ^ Mm.„,iPQMl^ ^ j. It is noticable that Mm,n.i is not hermite conjugate 

to MI^^^ i, nevertheless the normalization ZlJ^,„_;=o -^im,,!-^™.",' = 1 ^ti^l holds, i.e., they 
, are trace-preserving in a general sense. This example may stimulate further studiing if general 

^ . superoperator theory needs modification. 

oo 

■ 1 Introduction 

(N 

*0 I For an open quantum system interacting with the enviroment, one uses superoperators to describe 

the evolution of density operator from an initial pg (pure state or mixed state) into a final state p. 
^— N ' A superoperator plays a role of linear map from pg — > p, which has an operator-sum representation 

mm 

P^Y^^^^-Po^n, (1) 

■ where the operators M„ and are usually hermite conjugate to each other, and obey the normal- 
ization condition [3], 

^MtM„ = l. (2) 

n 

M„ is named Kraus operator [HE], M„ and Af^ are hermite conjugate to each other. Such an 
operator-sum representation is the core of POVM (positive operator- valued measure). 

In our very recent papers [SI [7] , based on the thermo entangled state representation, we have de- 
rived some density operators that are in infinite dimensional operator-sum forms, for example, those 
for describing amplitude-damping channel and laser process, the corresponding Kraus operators are 
also obtained and their normalization proved, which implies trace-preserving. 

Then an important and interesting question challenges us: is there an infinite operator-sum 
representation of density operator in the infinite sum form p{t) ~ X^J^o -^^"/'o-^ni where the 
normalization J2'^=o-^n^n = 1 still holds, but Af„ and AlJ^ are not hermite conjugate to each 
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other? The answer is affirmative. In this paper, by using the thermo entangled state representation 
we solve the master equation for a dissipative cavity with Kerr medium to obtain its density operator, 
and find its infinite operator-sum representation really possesses such a " strange structure" , this may 
bring attention of theoreticians who might wonder if the general theory of superoperators should be 
modified. 



2 Brief review of the thermo entangled state representation 

In this section, we briefly review the thermo entangled state representation (TESR). Enlightened by 
the Thermo Dynamic Theory of Takahashi-Umezawa [H |9l [10] , we have constructed the TESR in 
doubled Fock space [IT], 



I77) = exp -ri*d^ + a^a^^ |0, O) 



(3) 



in which is a fictitious mode accompanying the real photon creation operator a''', |0, O) = |0) |0) , 
|0) is annihilated by a, [a, a^] = 1. Operating a and a on I77) in Eq.Q we obtain the eigen-equations 
of 

{a - at) |r/) =r]\Tj) , {a^ - a) |?7) = 77* \f]) , 

(77I (at - 5) = 77* (77I , {t]\ (a - at) 77 (?7| . (4) 

Note that [(a — a^), (a^ — a)] =0, thus jry) is the common eigenvector of (a — at) and (a — at). 

Using the normally ordered form of vacuum projector |0,0) (0,0| —: exp (— ata — at a) : , and 
the technique of integration within an ordered product (IWOP) of operators [TH[T3], we can easily 
prove that \ri) is complete and orthonormal, 



itat + 77*0 — 77a + aa ata — ata) : = I 



f d V I , , I f d V / I i2 t *~t t 

/ Iv) {V\ = / '■ exp - 77 + 77a' — 7; a' + a' 

J TT J TT 

iv'lv) - 7r<5(7;'-,7)<5(77'*-,7*). (6) 
The |77 = 0) state 

|,7 = 0) = e"''^>,6) = 5]|7j,n), (7) 



n=0 



possesses the properties 

a\r, = 0) = at Ir; = 0) , at It; 0) = a ^ = 0) , (8) 
(ata)"h = 0) = (ata)" It; = 0). (9) 

Note that density operators are functions of (at, a), i.e., defined in the original Fock space, so they 
are commutative with operators of (at, a) in the tilde space. 



3 Infinite operator-sum representation of density operator 
for a dissipative cavity with Kerr medium 

In the Markov approximation and interaction picture the master equation for a dissipative cavity 
with Kerr medium has the form |14| I15[ 116) 

+ 7 (2apat — atap — pata) , (10) 



ap 
It 



-J7 = 



2 



where 7 is decaying parameter of the dissipative cavity, x is couphng factor depending on the Kerr 
medium. Next we wih solve the master equation by virtue of the entangled state representation and 
present the infinite sum representation of density operator. 

Operating the both sides of Ea. (fTU|) on the state \ri — 0) , letting 



\p)=p\v = 0), 

and using Eq.® we have the following state vector equation, 

— \p) = |— ix (a^a) — (a^a) + 7 (2aa — a'' a — a^a) | |p) 
the formal solution of \p) is 



(11) 



(12) 



|p)=exp|— (a^a) — (a^a) + 7^ (2aa — a^a — a^a) | |pq) , (13) 
where |pq) = Pq jr; = 0) , Pq is the initial density operator. By introducing the following operators, 

(14) 



Kq — a' a ~ a' a, Kz = , K^ = aa, 



and noticing [Kq^Kz] = [Kq,KJ\ — 0, we can rewrite Ea. p3)) as 

\p) = exp {-ixt [Ko{2Kz - 1)] + 7* (2if- - 2Kz + 1)} \po) 



exp [ixtKo + -ft] exp \-2t{j + ixKo 



-7 



7 + ixKo 



IPo) 



With the aid of the operator identity [T7] 

^\{A+aB) ^ gAAg^p _ g-Ar^ /^j ^ ^^Ar _ /^j ^AA^ 

which is valid for \A, B] = tB, and noticing [Kz,K^] = —K^, we can reform Ea.([T5|) as 

\p) = exp [ixtKo + -ft] exp [TzKz] exp [r_/f_] |po) , 

where 



-2t (7 + txKo) , r_ 



^(1 _ e-2i(7+iX-ffo)) 



(15) 



(16) 



(17) 



(18) 



7 + ix-f^o 

In order to deprive of the state [77 = 0) from Eq. p7|) . using the completeness relation of Fock state 
in the enlarged space J2m n=o I 



TO, n) (TO, 



i,n\ = 1 and noticing a^' \n) — \J ^'^J'-*' |n + we have 
00 pi 

|p) = exp [ixtKo + 7i] exp [TzKz] ^ -^a'poa^' l?7 = 0) 



00 -pi 



exp [ixtKo + 7^] ^ -T^ exp [TzKz] ^ |to, n) (to, n| a'poO^' |?7 = 0) 



00 Ai 

E m.n r ., 

exp [-itx 



• 2 2 
m — n 



1=0 

where we have set 



)-t7(m + n)] ^ |to, n) (TO,ri|a'poa^' l?7 = 0) , (19) 

m,n— 



^(1 _ g-2t(7+'x(™-"))) 
J + iX {'ITT' ~ TT') 



(20) 
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Further, using 

{n\ J] — 0) — \n) , \m,n) — \m) {n\ rj — 0) , (21) 

which leads to 

(to, n| a}pQa)^ jr; = 0) = (to| {h\ a' p^a^' [77 = 0) = (m| q'pqG^' {{h\ r; = 0)) (to| a} p^a)^ \n) , (22) 
then Eq. (fT9|) becomes 

\p) — ™'" exp [~ixt ipT? — n-^) — 7t (to + n)] |to, n) (to| a} p^a^'' \n) 

m.n,l—0 



E /^^^lg^%e-<»-"^)-*('"-)|TO,n)po,^,,„,,, (23) 



m,n,/— 

where Po,m+/.n+/ ^ (m + / | 1^ + • Using Eq. ([2T1) again, we see 

\P)= E y (" + 0;(»^ + 0! (Y^' e'"^("^-"^^-^""'""Vo,^.,„.. (^1 . = 0). (24) 

V . TTJi ■ ' ■ 

m.n,/— 

After depriving jr; = 0) from the both sides of Eg. ([Ml) , the solution of master equation (fTII|) appears 
as infinite operator-sum form 

Pit) = J + + 0! ^^-.xt(rn^-n-)-7«(>n+n) + ;| pj„ + (^| 

m,n,/— 

OO A / 

^ J2 ^e-*'^*('"'""')-T*(™+")|TO)(m|aVo«^'|n)(n|, (25) 

m,n,/— 

Note that the factor (to — n) appears in the denominator of Am,n (see Eq. (|20p '). (this is originated 
from the nonhnear term of (a^a)^), so moving of ah n— dependent terms to the right of a'pgO^' is 
impossible, nevertheless, we can formally express Eq.(p5| as 

OO 

p{t)^ E M^.n,iPoMl^^^i, (26) 

m,n,/— 

where the two operators Mm,n,i and M'L „ / are respectively defined as 



t 



^ <|^/^e--*"^---|n)(n|a'^ , (27) 

to one's regret, Mm,n,i is not hermite conjugate to „ This example may surprise us to wonder 
if the general superoperator form in Eq. ^ needs modification. 
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4 Further analysis for p (t) 



Usng the operator identity e'^"^" =: exp [(e"^ — l) a^a] : and the IWOP technique, we can prove 
that 



m,n,l—0 



n 

.,1=0 



E ^ ^ : exp - 1) ata] (ata)' : = 1, (28) 



=0 



from which one can see that the normahzation still holds, i.e., they are trace- preserving in a general 
sense, so Mm,n,i and Ad]^ „ ; may be named the generalized Kraus operators. 

5 Reduction of p (t) in some special cases 

In general, Eq. (|25|) indicates that the Kerr medium causes phase diffusion while the field in cavity 
is in amplitude-damping. In Eq. ()25p . when the decoherent time t — > oo, the main contribution 
comes from the m = n = term, in this case A — > I, then 

oo 

p(<^c^)^^a|PolO|0)(0|-|0)(0|, (29) 

1=0 

since Trpp — I, which shows that the quantum system reduces to the vacuum state after a long 
decoherence interaction, as expected. 

In particular, when x = 0, Eq. (j25p becomes 



771.71,1 — 
771,71,1 — 

which corresponds to the amplitude decaying mode, coinciding with the result in Ref.[6^. While for 
7 = 0, Eq. (|25l) reduces to 

00 

p{t)= J2 e-''^*("'-"')|m)(m|po|n)(n|=e-^^("''^)'Voe^^("'")'*. (31) 

m,Ti— 

which implies a process of phase diffusion, for = |n) (n| , then 

p (t) = e-'x('^'")'* |n) (n| e*^("'")'* = \n) {n\ , (32) 
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which shows neither decay nor phase diffusion happens in the Kerr medium. 

In summary, we have demonstrated through the above example that the nonlinear Hamiltonian 
in master equation may demand us to modify Eq. ([1]), the general expression of superoperator. 

Note added. Recently, we were made aware of Refs. [T8] which deal with the Kerr 
medium using thermo field dynamic theory. 
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